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Abstract. Distance-dependent errors due to iono-
spheric refraction complicate ambiguity resolution and
limit the accuracy attainable in GPS baseline determi-
nation. This paper presents an approach for modelling
these errors from the observations of several permanent
GPS-stations surrounding the area of interest. Regio-
nal ionospheric correction models are produced epoch-
by-epoch and satellite-by-satellite. It is shown that after
their application, observation residuals, fractional parts
of estimated ambiguities, and single-frequency coordi-
nate errors are greatly reduced, thus improving ambi-
guity resolution even under disturbed ionospheric con-
ditions, with short observation sessions, in the case of
baseline lengths of more than 10 km, and with single-
frequency and dual-frequency data.

1 Introduction

Differential GPS based on carrier phase observations can
provide accuracies of coordinate differences in the order
of (0.5 cm + 1 ppm) or better if the carrier phase ambi-
guities could be resolved and fixed (Seeber 1993). With
the ambiguities being fixed, the accuracy increases only
very slowly with extended observation periods. In the
case of single-frequency observations, ionospheric refrac-
tion can cause an additional error up to some ppm of the
baseline length. Dual-frequency observations can effec-
tively be corrected for ionospheric refraction by forming
the ionosphere-free linear combination.

Tonospheric conditions can affect ambiguity resolution
even of dual-frequency data, because the ionosphere-free
linear combination and other linear combinations show-
ing little ionospheric effects have the property of rather
short wavelengths which complicates ambiguity resolu-
tion. Differential effects of ionospheric refraction are
mainly caused by large-scale gradients of the vertical el-
ectron content and by ionospheric disturbances (Wan-
ninger 1993a,b). Due to these distance-dependent errors,
ambiguity resolution gets the more difficult, the longer
the baseline is. Ionospheric errors can often be reduced
by averaging over long observation periods, i.e. the lon-

ger the baseline, the more measurements are required to
reliably resolve the ambiguities. With distances up to a
few kilometers, ionospheric effects do not complicate am-
biguity resolution. With baseline lengths of more than
10 km, however, ionospheric disturbances may prevent
ambiguity resolution with single-frequency data or even
with dual-frequency data.

The effects of orbit errors also depend on the baseline
length but they are usually smaller in size. Modelling
errors of the tropospheric refraction are rather a problem
with height differences then with distance. Multipath
effects and random observation errors are station and
receiver dependent and therefore independent of baseline
length.

In some areas a dense network of permanent GPS
tracking stations already exists or will be installed in the
near future. GPS stations at known locations will allow
the estimation of differential ionospheric errors between
these stations. This information can than be used to
predict (interpolate) corrections for this kind of errors
for baselines between any two stations in the area. This
technique of estimation, prediction, and correction of the
distance-dependent ionospheric errors enhances differen-
tial GPS. It enables faster ambiguity resolution for di-
stances of more than 10 km and reduces errors in coor-
dinate differences derived from single-frequency observa-
tions.

Earlier investigations made use of one dual-frequency
receiver placed in the center of a network to estimate
ionospheric delays for single-frequency receivers in the vi-
cinity and thus to reduce baseline coordinate errors (Ge-
orgiadou and Kleusberg 1988). This work was extended
to include any number of dual-frequency receivers ( Wild
et al. 1989) and to improve ambiguity resolution on long
baselines (Mervart et al. 1994). These approaches make
use of one ionospheric model estimated for an observa-
tion session of several hours and used for all satellites
observed in the session. Thus, the model cannot remove
small-scale or medium-scale structures of ionospheric re-
fraction.

This method was extended by Webster and Kleus-
berg (1992) to provide epoch-by-epoch and satellite-by-
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satellite ionospheric corrections. The ionospheric delays
of a station equipped with a single-frequency receiver are
estimated from interpolation of ionospheric delay obser-
vations of three surrounding monitor stations using the
intersection points of the GPS signal paths with an iono-
spheric single-layer model at a height of 350 km. The
problem of ambiguities in the ionospheric delays derived
from dual-frequency phase data is overcome by assuming
that the ambiguity differences between the monitor sta-
tions are, on average, equal to zero.

In this research dual-frequency carrier phase ambi-
guities are resolved and fixed in the network of moni-
tor stations, thus yielding differential ionospheric delays
in the most accurate GPS mode. Correction values are
then determined on the level of double differences epoch-
by-epoch and satellite-by-satellite from interpolation of
ionospheric delay values of the monitor stations using
their coordinates and approximate coordinates of the
new stations.

1.1 The Double Difference Observable

By forming double differences (between-receiver and
between-satellite differences) of the carrier phase obser-
vations, several error sources are removed (clock errors,
hardware delays) or at least greatly reduced (ionospheric
refraction, tropospheric refraction, orbit errors, phase
center offsets). Other errors are increased (multipath,
observation noise). Only on this level of differencing, the
carrier phase ambiguities can be determined to integer
values and can therefore be removed. The double dif-
ference observation processing mode is one of the most
used techniques of operational GPS softwares. Data pro-
cessing based on non-differenced observations uses com-
parable techniques to solve for integer ambiguities ( Goad
1985).

The differencing operation is performed in such a way
that the observations at a base station (one of the two
stations of a baseline, or in general one of the simulta-
neously observed stations) and to a base satellite (selec-
ted arbitrarily, or by observation length, or by elevation
angle) are common to every double difference observable.

The double difference carrier phase observation equa-
tion can be written as follows, omitting indices for the
base station, a second station, the base satellite, and a
second satellite:

VA® = VAR+ A- VAN + VAi+ VAe (1)

where

VA® : double difference carrier phase observable
(in length units)

VAR : geometric double difference range

A : carrier wavelength

VAN : integer double difference carrier phase
ambiguity

VAi : double difference range error due to ionospheric
refraction
VAe : double difference observation noise and

remaining unmodelled effects.

In equation (1), we distinguish between the ionospheric
error VAi and other unmodelled effects VAe. In our ap-
proach of enhanced differential GPS we determine VA:
for known baselines between permanent GPS tracking
stations and predict corrections for this kind of error for
other baselines (stations) in the area.

Those unmodelled effects, which influence the observa-
bles independently of the signal’s frequency (orbit errors,
tropospheric refraction), do not affect the determination
of the double difference ionospheric error VAi. However,
frequency-dependent errors (muliipath effects, observa-
tion noise) affect its determination.

The accurate estimation of VA7 can only be achieved
if the carrier phase ambiguities are determined to inte-
ger values. This necessary pre-processing step imposes
limitations on the application of the enhanced differen-
tial GPS correction technique: if the permanent GPS
stations are some 50 km apart, at least an hour of ob-
servations is needed to resolve the ambiguities of a ne-
wly risen satellite, i.e. the algorithm cannot be applied
in (near-)realtime. Moreover, it limits the distance bet-
ween the permanent stations. If they are more than some
50 km apart, dual-frequency ambiguity resolution cannot
always be guaranteed for low and short satellite passes.

2 The Algorithm

2.1 Overview

The ionospheric model is based on the double difference
residuals of the ionospheric (geometry-free) linear com-
bination L; of the phase observations. Error sources af-
fecting the ionospheric observable (multipath effects, ob-
servation noise) are considered as noise.

In a first processing step (compare Figure 1) ambi-
guity resolution and fixing has to be performed for the
network of permanent GPS stations. Although their dis-
tances may be of the order of 50 km, ambiguity resolution
is simplified because the baseline coordinates are known,
dual-frequency receivers are employed and long observa-
tion periods can be used.

As a result, we obtain double difference residuals in
Ly and L; which can than be transformed to double
difference residuals of the ionospheric signal (see subs-
ection 2.2). If three permanent stations are available,
the interpolation of correction values is performed by a
linear interpolation algorithm as described in subsection
2.3. If more permanent stations are available, either the
best group of three stations (for example the three clo-
sest surrounding stations) should be selected or several
correction values from sets of three stations can be com-
puted and averaged. The main advantage of more than
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Figure 1:
The concept of enhanced
differential GPS.

three permanent stations lies in the ability to determine
correction values even if only some (but at least three)
permanent stations including the base station could pro-
vide observations.

The correction values are interpolated epoch by epoch,
Le. in each observation epoch a new ionospheric model is
created. It is valid for just this particular epoch.

In a further processing step, the ionospheric correc-
tion value ¢; is transformed to yield corrections for the
original phase observations Ly, L, or also for the code
observations C; and C; (see subsection 2.4). The obser-
vations of the base station and of the base satellite need
not to be modified because their correction values are
zero.

Since double difference corrections are applied to non-
differenced observations, a further baseline processing
must only be performed between stations whose observa-
tions have been manipulated by correction values based
on identical error models. Manipulated data must not be
combined with original observations with the exception
of the observations of the base station.

observations
R

corrected observations
with respect to
base station (e.g. A)

enhanced differential GPS
baseline estimation

X-Y

In an operational mode, ambiguity resolution in a re-
gional network of several reference stations surrounding
anumber of new stations consists of the following proces-
sing steps: (a) ambiguity resolution in the network of re-
ference stations for an observation period of several hours
or a complete day, (b) estimation of correction values as
described in this paper, (c) modification of the observati-
ons of all stations with the exception of the base station,
and (d) improved ambiguity resolution for all baselines
in the network.

2.2 Ionospheric Errors

In order to estimate the ionospheric error and also in
order to be able to correct all observables for this error,
it will be shown how it can be computed from L; and L,
phase residuals.

The ionospheric refractive phase index npy for fre-
quencies above 100 MHz is given by (see e.g. Seeber
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1999):
N,
npg = 1—40.3 f_; + (2)
where
f : signal frequency [Hz]
N.  : density of free electrons [m~3].

Higher order terms can be neglected in our application.
The ionospheric range error 6 R is obtained by integra-
ting the first order term of the refractive index along the
signal path from the satellite S to the receiver R

TEC
i

S
1
iR= 03 2 - / N.(s)ds = —40.3 3)
R

The integral over the eleciron density is called Total
(ionospheric) Electron Content (TEC) [m~2].

Thus, the geometric distance Ry [m], free of iono-
spheric effects, equals the measured distance R corrected
by the ionospheric error § R (ambiguities and other error
sources are neglected).

Applying equations (3) and (4) to the GPS frequencies
f1=1575.42 MHz and f,=1227.60 MHz yields:

TEC
RO = Rl + 40.3 2 (5)
fi
TEC
Ry = R, +40.3 e (6)
2

where R; and R, are the measured distances at GPS
frequencies f; and f; respectively. The ionosphere-free
observable Ry and the Total Electron Content TEC can
be determined from these simultaneous dual-frequency
measurements. Eliminating TEC we obtain:

RO:L- 1_f_22.R2. (7)
-1 f-f
Eliminating Ry we obtain:
1 f1-f
C=— R; — .
403 f2_f2 (By — Ra) ()

Equations (7) and (8) can also be applied to observa-
tion residuals or observation differences like the double
difference carrier phase observations. Let VAr; and
VAr; [m] be the double difference carrier phase range
residuals of Ly and L, respectively, we can calculate the
ionospheric (geometry-free) residual VAr; [m~2] by:

1 -
403 ff - f3
= 9.5196-10% - (VAr, — VAr,)

VAr; (VAry — VAr)  (9)

2.3 Interpolation of Corrections

Correction values for the observations at a new station X
are predicted from the double difference residuals at the
three stations A, B, and C. Three-dimensional vectors
consisting of the two-dimensional station position (¢, A)
and the residuals (VAr;) define a plane (Figure 2) which
is described by the right hand side of equation (10). The
left hand side contains the three-dimensional vector of
the new station X:

¢ ¢4
A X — A4
VAr¥ VAr#
[ ¢° ¢4 \]
+ « \B A4
|\ var? VArf
[ ¢ ¢4\ ]
+ A€ A .(10)
VArf VArf

Since the approximate two-dimensional position of the
new station X (¢X,)\X) can be determined form GPS
code observations, three unknowns remain which are cal-
culated from the three equations in (10): the coefficients
@,  and the residual VArX. For static measurements
at the station X, the geometric conditions are identical
for all epochs and all satellites. Thus, the coefficients «
and 3 need to be determined just once by:

X _ 44 AKX _\4 X _ 44 AX A

_ ¢ —gA - ')\C—_)‘T. _ pP_pA T ANBZ)A
o= B _ pA B ,\B_,\A’ ,B - ¢C_?A - AC_)4 " (11)

PpC—_pA AC_A\A B A ZB_)\4

The predicted residual is given by the third equation in
(10):

VAr} = VAr* o (VArE — VArY)
+ 8- (VArf —vArd). (12)

This predicted residual is used as correction value

& =varX (13)
for the modification of the observations at station X in
the next processing step.

In equations (10), (12) and (13) the superscript letter
assigns a double difference residual to one station. The
indication of the base station and of the satellites (base
satellite and second satellite) have been neglected. If, for
example, station A was selected to be the base station,
all VAr4 values are equal to zero.

2.4 Correction of Observations

One double difference correction value ¢; is given for each
epoch and for each satellite except for the base satel-
lite. It is used to determine the ionospheric effect on
the phase observations L; and L [cycles] and also on
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Figure 2: The interpolation model.

the code observations C; and C; [m]). Code and phase
are affected by first-order ionospheric errors of the same
size but in opposite direction (group delay - phase ad-
vance, see e.g. Seeber 1998). The phase correction values
are scaled to units of cycles in order to be in accordance
with the RINEX-format (RINEX - Receiver Independent
Exchange Format, Guriner 1994). The transformation
equations are derived from equations (5) and (6):

2,
Lt F’y% 401.3/)‘
CL2 (€Y TN -2
- S 14
cc1 [m] % [c[m]] (14)
1
ccz2 [m] 403
| 13
[ —0.8533-10"16
| —1.0950-10-18 e ]
- 0.1624.10-1 | L % ]~
0.2674 - 10~18

These corrections can directly be applied to RINEX-
formatted observations.

3 Examples

Two examples are presented to illustrate the effect of
regional ionospheric error models on GPS baseline esti-
mation. In both cases several hours of Trimble SSE GPS
tracking data are available for five stations with base-
line lengths of 20 to 80 km. The central stations are
considered to be unknown stations, the four surrounding
stations are used as permanent tracking sites. The algo-
rithm is tested for baselines between the central station
and the station which was chosen to be the base station

of the double difference error models. Thus, the cor-
rection values need to be applied to the observations of
the central stations only, because all correction values of
the base station are equal to zero. When data of all five
stations are available, correction values are calculated for
those two triangles, which enclose the central station, and
then the average value is taken for the further processing.
Ambiguity resolution and baseline estimation were per-
formed with the GEONAP software package (Wibbena
1989).

Results are presented in the form of double difference
residuals, fractional parts of estimated ambiguities and
coordinate errors. This information is shown for the ori-
ginal observations and for the data with applied iono-
spheric corrections. Double difference residuals are calcu-
lated with respect to the dual-frequency baseline solution
of the complete observation session. The distributions of
double difference residuals are shown for Ly (VAry), for
the widelane linear combination Ly (VAry), for the
ionospheric electron content (VAr;), and for the iono-
sphere-free linear combination Lo (VArg).

Double difference ambiguities were determined for 15-
minute blocks of observations. In the case of such short
observation periods, ambiguity fixing can be difficult due
to observation errors and due to the poor estimation of
initial baseline coordinates either from code observations
(high noise level) or from phase observations with the
ambiguities not being fixed (float solution, poor geome-
try). Since we are just interested in the influence of ob-
servation errors on the ambiguity estimation, we kept the
initial baseline coordinates fixed to the baseline solution
of the complete observation session. Thus, the estimated
real number ambiguities for the short 15-minute blocks
of observations are closer to the correct integers as they
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would be under realistic processing conditions. However,
they perfectly illustrate the effects of regional ionospheric
error models on ambiguity resolution. The distribution
of fractional parts of the double difference ambiguities
are shown graphically for Ly, Ly, the ionospheric signal
L;, and the ionosphere-free signal Ly. In the cases of
the last two linear combinations, the chosen wavelengths
are twice as long as their regular wavelengths and are
valid only after fixing the widelane ambiguity ( Wibbena
1989).

In a last step, coordinate errors were estimated for
15-minute blocks of observations with ambiguities being
fixed and compared with the baseline results obtained
from the complete data sets.

Range residuals, estimated ambiguities, and coordi-
nate errors of the ionosphere-free linear combination L
are shown here to provide information on the size and ef-
fects of non-ionospheric errors. The Ly-observable must
be unaffected by ionospheric corrections. Thus, the re-
sults presented for Lo must be identical for the original
observations and for the ionospheric corrected observati-
ons. Nevertheless, they were estimated in order to verify
the correct implementation of the algorithm.

3.1 Average Mid-latitude Ionospheric
Conditions

Observations were selected arbitrarily from the data sets
of the already existing dense network of permanent GPS
stations in North Germany (Figure 3a). 12 hours of ob-
servations (June 17, 1994) were used to test the descri-
bed algorithm. The ionospheric conditions were analysed
with the help of the change of ionospheric refraction over
one minute calculated from dual-frequency phase obser-
vations (Rate of TEC, Wanninger 1993a, b). The Rate of
TEC curves of all available satellites reveal that almost
undisturbed and thus average mid-latitude ionospheric
conditions were present. Some small disturbances occur-
red at the beginning of a few satellite passes (Figure 3b).

The double difference residuals of the original obser-
vations of the 33.6 km baseline (Figure 3c) show that
95% of the ionosphere-free residuals VAr, are within
+4.8 cm. The ionospheric double difference residuals are
smaller than £0.39 - 10'°*m~2 (95%) which corresponds
to an ionospheric effect on Li-observations of +6.3 cm
(95%). Thus, in the case of single-frequency observa-
tions, ionospheric errors exceed non-ionospheric €errors,
although only moderate ionospheric conditions were pre-
sent.

The application of ionospheric corrections considerably
reduced existing errors, resulting in ionospheric double
difference residuals being smaller than +0.25 - 1016 12
(95%).

Similar results were obtained from the distribution of
the fractional parts of the 15-minute double difference
ambiguities (Figure 3d). 83% of the L; ambiguities were
closer to the correct integer values than 0.2 cycles. The
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Signal original with ionospheric
observations corrections
I 3.9/2.4/4.1 1.8/1.1/3.3
Lo 1.3/1.1/2.6 1.3/1.1/2.6
Table 1: Coordinate errors (RMS in cm) in lati-

tude/longitude /height for observation periods of 15 mi-
nutes, baseline length 33.6 km, average mid-latitude
ionospheric conditions.

ionospheric correction improved the percentage to 94.
Much improvement could be obtained in the case of the
ionospheric signal L;, which is of importance to fast am-
biguity resolution and kinematic applications. 49% of the
ambiguities were closer to the correct integer values than
0.2 cycles before applying the ionospheric correction. Af-
terwards the percentage exceeded 88. The ionospheric
correction considerably improved ambiguity resolution
with single-frequency and with dual-frequency observa-
tions. Now, fast ambiguity resolution techniques can be
used on longer baselines and the observation lengths of
baselines between 10 and 40 km can be reduced.

Single-frequency and dual-frequency RMS coordinate
errors were estimated for the 15-minute blocks of obser-
vations (Table 1). The ionospheric corrections reduced
the single-frequency coordinate errors in latitude and lon-
gitude from 2-4 cm to 1-2 cm in latitude and longitude,
and from about 4 cm to about 3 cm in height. Coor-
dinates determined from single-frequency measurements
plus ionospheric corrections are almost as accurate as the
results from dual-frequency observations.

3.2 Disturbed Mid-latitude Ionospheric
Conditions

The most common ionospheric disturbances in mid-
latitude regions are caused by medium scale travelling
ionospheric disturbances (MSTIDs). They mainly occur
during daylight hours in winter months in years of ma-
ximum solar activity. They complicate ambiguity reso-
lution of single-frequency and dual-frequency data even
on baselines shorter than 10 km. Single-frequency coor-
dinate errors can exceed 10 ppm of the baseline length
(Wanninger 1993a).

An example of strong MSTIDs was found in a 13-hour
data set observed in North Germany on March 16, 1993
(Figure 4a). The Rate of TEC curves (Figure 4b) reveal
large changes of ionospheric refraction with the typical
MSTID-periods of 10 to 20 minutes. Ionospheric correc-
tions obtained from a single ionospheric model estimated
for an observation session of several hours and used for all
satellites observed cannot account for these medium-scale
structures. Here, corrections are required which are de-
termined from epoch-by-epoch and satellite-by-satellite
ionospheric modelling.
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Signal original with ionospheric
observations corrections
I 2.5/4.0/5.0 1.1/0.7/24
Lo 0.7/0.4/1.8 0.7/0.4/1.8
Table 2: Coordinate errors (RMS in cm) in lati-

tude/longitude/height for observation periods of 15 mi-
nutes, baseline length 23.1 km, disturbed mid-latitude
1onospheric conditions.

95% of the double difference ionosphere-free residu-
als of the 23.1 km baseline are smaller than +2.1 cm
(Figure 4c). Due to MSTIDs, ionospheric residuals are
much larger (+0.65-10°m~2, 95%) than under undistur-
bed conditions. They cause errors in L;-observations of
+11.0 cm (95%) and in widelane observations of +14.0
cm (95%). These numbers are reduced to 3.5 cm and
+4.9 cm respectively by applying ionospheric corrections.

Similar results were obtained from the distribution of
the fractional parts of 15-minute double difference ambi-
guities (Figure 4d). Only 38% of the ionospheric signal’s
ambiguities were closer to the correct integers than 0.2
cycles. After the application of ionospheric corrections
the percentage increased to 98. No difficulties in ambi-
guity resolution due to measurement errors were found
for the widelane Ly and for the ionosphere-free linear
combination Lo. Fractional parts of L;-ambiguities were
successfully reduced in size by ionospheric corrections.

Ly coordinate errors of 15-minute blocks of observa-
tions were reduced by ionospheric corrections from 2-4
cm to about 1 cm in latitude and longitude and from 5
cm to about half of it in height. They are now almost as
accurate as the results from dual-frequency observations
(Table 2). The epoch-by-epoch and satellite-by-satellite
correction model removed most of the ionospheric effects
of MSTIDs.

4 Conclusion

Distance-dependent errors due to ionospheric refraction
complicate ambiguity resolution and limit the accuracy
attainable in GPS baseline determination. Regional
ionospheric error models are created epoch-by-epoch and
satellite-by-satellite from double difference baseline resi-
duals of a network of permanent stations. Ambiguity
resolution in these long baselines is required to estimate
and correct errors in medium-length baselines whose am-
biguities can then be resolved with even shorter observa-
tion periods.

The requirement of dual-frequency ambiguity resolu-
tion between reference stations limits this approach to
networks with baseline lengths of less than 50 to 100 km.
It also prevents the (near-) real-time application of these
differential GPS corrections.

Despite those limitations, these regional ionospheric
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error models enhance differential GPS in medium-sized
networks. Most of the ionospheric effects are removed
even under ionospheric disturbed conditions. Ambiguity
resolution is improved for those techniques which rely
on small ionospheric effects. Moreover, it was shown
that the use of single-frequency receivers can be extended
from short to medium-length baselines without a consi-
derable loss of accuracy.
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